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ABSTRACT 

A narrow-groove t h e o r y  f o r  g a s  on l i q u i d - l u b r i c a t e d  h e r r i n g b o n e  
t h r u s t  b e a r i n g s  i s  developed by means of two matched asympto t ic  expansions .  
The f i r s t  expansion,  f o r  t h e  f i l m  i n t e r i o r ,  y i e l d s  a  g e n e r a l i z e d  Whipple 
e q u a t i o n  f o r  t h e  average  p r e s s u r e  l e v e l .  The second expansion,  f o r  t h e  
f i l m  edges ,  y i e l d s  a  g e n e r a l i z e d  Muijdermann-Body p r e s s u r e  c o r r e c t i o n .  
A r b i t r a r y  t r a n s v e r s e  groove shape  i s  accommodated by t h e  a n a l y s i s .  

The p rognos i s  f o r  development a l o n g  p r e s e n t  l i n e s  of a s i n g l e  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t o  i n c l u d e  f i r s t - o r d e r  groove-width e f f e c t s ,  
b o t h  i n  t h e  f i l m  i n t e r i o r  and a t  i t s  edges ,  i s  v e r y  good. 
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INTRODUCTION 

There is today considerable  i n t e r e s t  i n  bearings 

employing grooved su r faces .  Especia l ly  i n  t h e  case of  gas- 

lubr i ca ted  bearings,  grooving adds t o  load-carrying capaci ty  

and can provide improved s t a b i l i t y  c h a r a c t e r i s t i c s .  New 

app l i ca t ions  have quickened i n t e r e s t  i n  t h e  corresponding 

theory of opera t ion ,  and a number of t h e o r e t i c a l  papers have 

appeared i n  r ecen t  years  on spiral-groove and herringbone 

bear ings .  

The f i r s t  s a t i s f a c t o r y  published theory f o r  grooved-plate 

bearings was t h a t  of Whipple (I) i n  1951. He t r e a t e d  both 

gases and l i q u i d s .  P a r a l l e l - p l a t e  geometry was assumed with 

s t r a i g h t  p a r a l l e l ,  rec tangular  grooving, In  t h e  narrowqroove 

l i m i t ,  Whipple assumed l i n e a r  pressure  development t r ansverse  

t o  t h e  grooving. Then employing t h e  p r i n c i p l e s  of mass and 

pressure  cont inui ty ,  he el iminated t h e  short-wavelength pres-  

s u r e  r i p p l e  i n  favor  of t h e  genera l  change of pressure  a s s o e i a t -  

ed with a complete grooving cycle  (groove-ridge p a i r ) .  A d i f f -  

e r e n t i a l  equation f o r  t h e  average pressure  r e s u l t e d .  I n  

e f f e c t ,  f o r  gases  t h e  Whipple theory includes t h e  long-range 

dens i ty  changes a s soc ia ted  with i n l e t  and o u t l e t  pressures ,  

b u t  invokes l o c a l  incompress ib i l i ty  across  t h e  grooving. 

Various i n v e s t i g a t o r s  explored t h e  consequences of t h e  



Whipple theory,  bu t  the  next  major improvement was t h a t  of 

Vohr and Pan(*) i n  1963, who adapted t h e  Whipple t reatment  

t o  non-paral le l  p l ~ t e s  with curved, non-paral le l  rec tangular  

grooving. The Vchr-pan d i f f e r e n t i a l  equat ion s u b s t i t u t e s  

f o r  t h e  usual  Reynolds ' equat ion when grooving is p resen t ,  

and it has been t h e  b a s i s  of a number of design s t u d i e s ,  

I n  t h e  narrow-groove l i m i t ,  t he  Vohr-Pan t reatment  be- 

* 
comes exact ,  b u t  with f i n i t e  groove-width,deficiencies 

appear ,  The f i r s t  of these  d e f i c i e n c i e s  a r i s e s  only with 

gases,  and is  due t o  t h e  neglec t  of t r ansverse  compress ib i l i ty  

ef f  e c t s  . ~t is manifest  in- the- large by t h e  t h e o r e t i c a l  pre- 

d i c t i o n  t h a t ,  even f o r  gases,  t h e  load-carrying capaci ty  of 

grooved-surface bearings is  always propor t ional  t o  t h e  speed. 

Since t h i s  p red ic t ion  is  a t  var iance  with usual  gas bear ing  

performance, Wildmann ( 3 )  undertook a s tudy of compress ib i l i ty  

e f f e c t s  on a p a r a l l e l - p l a t e  herringbone with s l i g h t  s i n u s o i d a l  

undulat ions.  This p a r t i c u l a r  bearing geometry was chosen be- 

cause t h e  only  requi red  mathematical approximation (beyond 

Reynolds equat ion)  is t h a t  of a well-accepted expansion i n  

fi lm-thickness excursion,  Wildmann showed t h a t  t h e  load capa- 

* 
Subject ,  of course, t o  t h e  v a l i d i t y  of Reynolds equat ion,  



c i t y  of t h e  herringbone f i r s t  rises l i n e a r l y  with speed (as 

predic ted  by Whipple theory) ,  reaches a maximum, and then 

diminishes t o  an asymptotic l i m i t  p red ic tab le  on the  assump- 

t i o n  t h a t  (ph) i s  constant  ac ross  t h e  grooving. He a l s o  obta in-  

ed t h e  l i m i t i n g  expression f o r  s t r a i g h t  grooving of  a r b i t r a r y  

depth and t r ansverse  s e c t i o n .  

The second e f f e c t  of f i n i t e  groove-width is  t h a t  of 

correspondingly f i n i t e  pressure- r ipples  across  t h e  grooving. 

(obviously, a t  f ixed  speed, t h e  amplitude of these  r i p p l e s  

tends t o  zero with groove-width). Compressibi l i ty  a s ide ,  

these  f i n i t e  r i p p l e s  do not  permit accommodation of predic ted  

pressure  d i s t r i b u t i o n s  t o  edge boundary-conditions of uniform 

ambient pressure ,  o r  t h e  l i k e ,  In  1964 ~ u i j d e r m a n n  '') and 

Booy ( 5 )  showed how, f o r  incompressible l u b r i c a n t s  i n  rectangu- 

l a r  grooving, a co r rec t ion  s o l u t i o n  can be found f o r  t h e  

pressure .  The a d d i t i o n  of t h i s  s o l u t i o n  t o  a mipple- type  

s o l u t i o n  produces a complete s o l u t i o n  capable of s a t i s f y i n g  

a constant-pressure edge condi t ion ,  Both of these  authors  ob- 

t a i n e d  cor rec t ion  so lu t ions  f o r  t h e  case of  i s o l a t e d  grooves 

(g rea t  d i s p a r i t y  between groove and r idge  f i l m  th i cknesses ) ,  

al though Muijdermann o f f e r e d  f o r  l e s s  extreme d i s p a r i t i e s  a 

co r rec t ion  based l a r g e l y  on h e u r i s t i c  reasoning. Besides 

incorpora t ing  edge correc t ions ,  Muijdermann and Booy v a l i d a t -  

ed Whipplers t reatment ,  a s  it a p p l i e s  t o  incompressible 



flow, by t h e  matching of s o l u t i o n s  of Laplace" equat ion,  

I n  addi t ion ,  Muidjermann t r a n s l a t e d  h i s  s t r a i g h t  p a r a l l e l -  

groove r e s u l t s  t o  spiral-groove geometry by conformal mapping, 

and adapted them to gaseous l u b r i c a n t s  under condi t ions of no 

flow. 

A l l  continuum theor ies  f o r  grooved-surface bearings be- 

come i n c o r r e c t  when t h e  molecular mean free-path is commen- 

s u r a t e  with f i lm th ickness ,  In  1968 Hsing and Malanoski (6) 

modified the  Vohr-Pan theory t o  incorpora te  f.laxwellas s l i p  

condi t ion,  and found d e l e t e r i o u s  e f f e c t s  on performance with 

t h e  l i g h t  gases,  such a s  helium, neon and hydrogen. 

Addit ional  s tudy of l o c a l  compress ib i l i ty  e f f e c t s  

(across  grooving) was made f o r  gas- lubricated herringbone 

bearings having rec tangular  grooving i n  1968 by Constantinescu 

(7) and C a s t e l l i ,  Using d e t a i l e d  f i n i t e - d i f f e r e n c e  s o l u t i o n s  of 

the groove-ridge pressure  d i s t r i b u t i o n s ,  and an analogy with 

s tep-sl ider-bearings,  they  concluded t h a t  Whippleas quasi-incom- 

p r e s s i b l e  assumption is v a l i d  provided (our no ta t ion)  : 

(groove width = r idge  width) .  

They found t h e  condi t ion  met i n  most cu r ren t  a p p l i c a t i o n s ,  

The foregoing references  p resen t  t o  t h i s  w r i t e r ' s  know- 

ledge, a l l  t h e  concepts t h a t  have been published concerning 

b a s i c  theory f o r  grooved su r faces  i n  s teady-s ta te  opera t ion .  



Many worthy design s t u d i e s  and experimenta 1 inves t iga t ions  

have not  been c i t e d  because they a r e  not  s u f f i c i e n t l y  r e l e -  

vant  t o  t h e  present  work, which is  concerned p r imar i ly  with 

extending e x i s t i n g  theory.  

In  t h e  present  work, a narrow-groove theory i s  developed 

by un i f i ed ,  c o n s i s t e n t  expansions i n  terms of t h e  small  parameter: 

roove-ridqe wavelength L. e =  - - 
bearing dimens ion - L 

J u s t  a s  i n  Whipple ' s o r i g i n a l  study, p a r a l l e l - p l a t e  thrust-bear-  

ing geometry with s t r a i g h t ,  p a r a l l e l  grooving is assumed, ex- 

cep t  t h a t  t h e  grooving may now possess a r b i t r a r y  t r ansverse  

s e c t i o n .  An asymptotic expansion v a l i d  i n  t h e  bearing i n t e r i o r  

(away from edges) y i e l d s  Whipplels equat ion f o r  t h e  t r end  of 

t h e  average pressure  l e v e l ,  together  with a second r e l a t i o n  

f o r  t h e  r i p p l e s  of pressure  induced by ind iv idua l  grooves and 

r idges .  A second asymptotic expansion, v a l i d  only near t h e  

bear ing  edges, y i e l d s  expressions f o r  a genera l ized  Muijdermann- 

Booy edge cor rec t ion .  When t h e  two asymptotic expansions a r e  

matched, a theory demonstrating f i r s t - o r d e r  e f f e c t s  of groove- 

r idge  wavelength i s  obtained,  



D i f f e r e n t i a l  Equation i n  Skewed Coordinates - - 

Figure  1 is a  s k e t c h  of a  s e c t i o n  of t h e  type  of 

t h r u s t  p l a t e  t o  be analyzed.  The opposing smooth p l a t e  (no t  

shown) moves i n  t h c  x - - d i r e c t i o n  wi th  ve i o c i t y ,  Although 

r e c t a n g u l a r  grocves  and pads a r e  shown, t h e  groove-land 

shapes may have any p e r i o d i c  dependence on " x " .  The f i i m  

shape a long  t h e  d i r e c t i o n  of t h e  grooves is c o n s t a n t ,  All 

"cor ruga t ions"  a r e  s t r a i g h t  and p a r a l l e l .  

F igu re  1 Schematic - Diaqram - of 
Groove-Land P a i r s  - -- 

Figure  2 d e f i n e s  t h e  skewed coord ina t e  system i n  terms 

of which it i s  convenient  t o  perform t h e  a n a l y s i s .  Here: 



Figure 2 Skewed Coordinate System 

Corresponding t o  eq. [ I ] ,  the  d e r i v a t i v e s  a r e :  

Reynolds ec:uation i n  Car tes ian  coordinates  (x, y )  i s  : 

Use of eqs.  (23 converts eq. [ 3 ]  t o :  

Dimensionless va r i ab les  a r e  now introduced. Thus: 



Note t h a t  f measures d i s t ance  i n  terms of the  groove-land 

wsvelength, whereas $ measures d i s t ance  i n  terms of a  p r in -  

c i p a l  o v e r a l l  bear ing dimension, L.  

I n  terms G £  t h e  new var i ab les ,  eq. [4]  becomes : 

lin a l t e r n a t i v e  form t o  t h a t  of eq. [6] i s  convenient f o r  
2 

c e r t a i n  opera t ions .  1t is  i n  terms of $5 7T . ~ h u s  : 

~ ( f  1 )  might be 
J 

s p e c i f i e d ,  and with ~ f i + r  = , per iod ic  s o l u t i o n s  



f o r  T'f and 4 would be sought. 

Imposition --- of P e r i o d i c i x  

In tegra t ion  of ec:. [7] over one groove-land cycle  (with 

H and $ per iod ic )  gives : 
I 

A second i n t e g r a t i o n  g ives  : 

B 

Here is t h e  dimensionless mass "throughput" f o r  a groove- 

land combination. This f a c t  i s  v e r i f i e d  by not ing t h a t  t h e  

mass f l u x  wi th in  Lhe f i l m  which takes  p lace  i n  the  y-d i rec t ion ,  

'~ilhen put  i n  dimensionless Lorm, t h i s  equation becomes : 

I n t e g r a t i o n  over a cycle  i d e n t i f i e s  : 
A 



An indef in i - t e  i n t e g r a t i o n  of eq. [73 y i e l d s  : 

For # t o  be pej:lc.dic, it i s  necessary t h a t :  

I 

- "3~d(=O = - E  
2-r 0 

I 

- Ebt )d  
d3 

0 - I 
- 
T h e  no ta t ion  H " z  I ~ " d f  w i l l  he used f o r  b r e v i t y . -  
L 

0 - 
NGW mult iply eq. [13] by K3, i n t e g r a t e  over a cycle ,  and 

s u b t r a c t  eq. [14] . The funct ion  i s  thereby el iminated,  

and the  r e s u l t  is :  

I 



This equation, i n  combination with eq ,  191, y i e l d s  an import- 

a n t  condi t ion  which a l l  # -so lu t ions  must s a t i s f y :  i e . ,  

I 

s -Expans ion f o r  Bearing I n t e r i o r  - 

To ob ta in  s p e c i f i c  r e s u l t s  f o r  4 , a  s e r i e s  expansion 

in I t  @ I t  is  proposed. This s e r i e s  should become use fu l  when 

t h e  r a t i o  of groove + land width, " b , " ,  t o  t h e  o v e r a l l  bear ing 

dimens ion, "Lo  , i s  small .  Thus: 

When t h i s  s e r i e s  is  i n s e r t e d  i n t o  eq. [ 7 ] ,  and the  coeff ic ie:nts  

of t h e  var ious powers of " c "  a r e  e iua ted ,  a  sequence of pzr- 

t i a l  d i f f e r e n t i a l  equat ions is obtained.  The f i r s t  two such 

equations a r e  a s  follows: 



Integration 02 eq. 1181 gives : 

1 2  ..-- = 4C4) 
a t  

[ 2 0 ]  

But in order for 4 to be cyclic, &(? 

4 = %($) 
 quat ti on [ ~ 3 ]  now reduces to: 

j , f t e r  one integration, this becomes: 

Imposition of the cyclic condition on yields: 4 

Then : 



 he expres s ions  f o r  and $ both  con ta in  func t ions  of 

f o r  which t h e  governing equa t ions  must be  found. Note t h a t  

r e f l e c t s  t h e  g e n e r a l  l e v e l  of pr , whereas $ shows 

some groove-Land r i p p l e  through i t s  dependence on f 

beroth-Order In t e i - i o r  D i f f e r en t i aL  Equation 

The eeroth--order  cond i t i on  imposed by e r j .  [16] is:  

This  o rd ina ry  d i z f e r e n t i a l  equa t ion  is e a s i l y  rear ranged  t o  

assume t h e  form: 

where : 

/I 
1281 

The t e rmina l  va lues  of a t  =f= 0 and *= can be spec i -  

f i e d ,  o r  va r ious  combinations w i th  t h e  flow, % -  



Fi r s t -Orde r  I n t e r i c y  D i f f e r e n t i a  1 EquaLion - --- -. - -.- ------ - -- 

The f i r s t -  c r d c r  cond i t i on  imposed by erj. [16] is :  

Here the va r ious  K: a r e  cons t an t s  dependent on t h e  f i lm-  

th i ckness  d i s t r j - b o t i o n ,  H (f) , o n l y ;  i .e., independent of 

P . They are  .:i:: Led i n  Appendix ri. 

Rearrangencn t g ives  : (wi th  %=@) 



I n  t h i s  form, tile r e l a t i o n  f o r  d ( f )  i s  c l e a r l y  a f i r s t - o r d e r  

inhomogeneous l i n e a r  d i f f e r e n t i a l  e1,uation wi th  i n t e g r a t i o n  
e 

cons t an t  , (and hence i s  e q u i v a l e n t  t o  a  second-order 

e q u a t i o n ) ,  Boundary cond i t i ons  on n ( 3  ) aye t o  be  determined 

through s o l u t i o n  c;f a n  "edge" problem. 

Reduction of t h e  c o e f f i c i e n t s  i n  ea .  [ 5 0 ]  i s  c a r r i e d  o u t  

i n  Appendix A. The r e s u l t  i s  : 

The llCompletel' d i f f e r e n t i a l  Equation: 
-.,-- 

A t  t h i s  p o i n t  i t  w i l l  be h e l p f u l  t o  r e c a p i t u l a t e .  Reca l l  

t h a t  it was convenient  t o  u se  i n  mathematical  developments 

t h e  func t ion :  

s o  t h a t :  



From e q ,  [21] it i s  seen  t h a t :  %=%($)and from eq.  1271 

it fo l lows  t h a t :  

:?:,lso, from e q s ,  132) and [25 ] ,  it is r e a d i l y  found t h a t :  

'The d i f f e r e n t i a  i. eci. 13 11 g i v e s ,  thrcugh n ( f ) , t h e  manner 

i n  which t h e  i i r s t - o r d e r  c o r r e c t i o n  t o  the g e n e r a l  pressux-c 

l e v e l  propagates  a c r o s s  t h e  bea r ing .  

ii "complete" d i f f e r e n t i a l  equa t ion ,  implying bo th  [ J3 ]  

and [31] can be de r ived  a s  follows, From eq, 1341 : 

~ n s e r k i o n  i n  eq.  [21] g ives ,  a f t e r  some c a n c e l l a t i o n  and 

rearrangement : 

I I 
where 1 - J 9 ~ d f  - 

" a v  



NOW multiply eq. [363  * by ils"and add to eq. [ 3 3 ]  multiplied 

C 
by / . Thus: 

Through O ( c ) ,  

1411 

or :  

(F+ E A C ,  d ( ~ 4  c A C ,  = A,, ( f+ E A  c, 
01 5 



F i n a l l y ,  wi th  

t n i s  erluation reduces t o :  

Thus i t  i s  scen  t h a t  a modified Iilhipple equa t ion  can accu ra t e -  - . - --- - 

& _account - f o r  ----- f i r s t - o r d e r  -.- groove-width e f f e c t s ,  --- 

Boundary condi Lions t o  which t h i s  d i f f e r e n t i a l  equa t ion  i s  

s u b j e c t  w i l l  be  d i scussed  subse(juent1y. 



DdVJLOFbENT OF BOUNDARY COlTDITIONS 

Edge-Effect Expansion: - 

Now i t  should be noted t h a t ,  a t  t h e  entrance t o  t h e  

bearing, q=O , t h e  dev ia t iona l  pressure fi; should be 

i d e n t i c a l l y  zero -- a condi t ion t h a t  expression [34] mani- 

f e s t l y  cannot meet. Re-examination of the  d i f f e r e n t i a l  

equation [7]  an3 t h e  expansion [17] is requi red .  Use of t h e  

€-expansion witn dependent va r i ab les  ( f, ) implies that 

d e r i v a t i v e s  i n  t e r m s  of them a r e  of equal order .  

However, a:Long *= 0 t h e  pressure  i s  cons tant ,  and 

27r ;rg, O, &+ . Accordingly, new var i ab les  

( )  a r e  used with groove-ridge wavelength a s  the  mea- 

su re  of length i n  both t h e  "5" and " y "  d i r e c t i o n s ;  i , e , ,  

7- g/e 
Equation [6] now becomes : 

The following expansion is  now adopted. Thus: 



TO e f f e c t  asympto t ic  matching between this expansion and 

t h e  e a r l i e r  one,  one w r i t e s :  

:is ?-zoo , it is  necessary  t h a t :  

and 

Now t h e  s u b s t i t u t i o n  of  s e r i e s  [ 4 7 ~  i n t o  [&I g ives  f o r  
2 

a l i n e a r  ec ruation.  S ince  fie, 0) = 1 and 

n 6 j ( ~ ,  o) = 1 , an  obvious s o l u t i o n  is :  fiJ= 1. 

(0 
The d i f f e r e n t i a l  e?ua t ion  f o r  % is :  

This  i s  t h e  d i f f e r e n t i a l  equa t ion  f o r  o p e r a t i o n  wi th  an  incom- 



p r e s s i b l e  f l u i d ,  and use of a  c o r r e c t i o n  f o r  edge e f f e c t  

s i m i l a r  t o  t h a t  proposed by b~uijdermann can be  a n t i c i p a t e d .  

It i s  h e l p f u l  t c  in t roduce  a  r e s i d u a l  dev ia t ion ,  

The func t ion  % i s  found t o  s a t i s f y  the  fol lowing d i f f e r e n t i a l  

equat ion (by v i r t u e  of eq, [ 2 3 ]  ) : 

The appropr i a t e  boundary cond i t i cns  a r e :  

and : 0 as 7- m 
Also, of  course 8 is  p e r i o d i c  i n  r -  
Boundary Conditions -- f o r  t h e  Pressure  Correct ion 

It w i l l  be  observed t h a t  n. ( 0 )  is unknown, However, it 

can assume only one va lue  compatible with  q 0 a s  7 +-. It 

is  t h e  determinzltion of t h i s  unique va lue  which provides t h e  

en t rance  boundary condi t ion  f o r  a, ( O ) . At t h e  e x i t ,  < = 1, 

s i m i l a r  a n a l y s i s  provides  (1) . The d i f f e r e n t i a l  equat ion 



1311 connects these  two values of " a " .  For chosen " $ "  and 

H ( j  ) , a ( 0 )  alwzys depends l i n e a r l y  on 'A  " and 

However, f o r  constant  groove and land f i l m  thicknesses ,  t h e  

appropr ia t e  expressions a r e :  

where i s  t h e  sawtooth funct ion  defined a s :  

I n  t h i s  case i t  is  c l e a r  t h a t  t h e  e f f e c t s  of speed and flow 

( h~ is  influenced by flow) coalesce.  
d% 

Exact Solu t ion  for Muijdermann's F i r s t  Correct ion -- 

The edge problem cannot o r d i n a r i l y  be solved i n  closed 

form. However, f o r  t h e  s p e c i a l ,  bu t  very important,  case of 

constant-depth grooves and constant--height r idges  some progress  



can be made. Consider f i r s t  t h e  case of t h e  groove f i lm- 

th ickness  g r e a t l y  exceeding the  r idge  f i l m  th ickness .  ( F i r s t  

t r e a t e d  by Muijdermann with t h e  use of an analog computer), 

In  t h i s  case,  eq.  1531 reduces t o  LapLaces equat ion i n  t h e  

skewed coordinates  . Thus : 

with  

and 

,O a t r  = O and = 1, say, .f- 

Here recogni t ion  of t h e  l i n e a r i t y  of t h e  problem has lead t o  

t h e  removal of constants  of amplitude. 

An e n t i r e l y  equiva lent  problem is t o  seek a s o l u t i o n  f o r  

- Trn = - g  , such t h a t  F(r) O) cancels  the  

r i p p l e  f u n c t i o n s  A F(y + (&) c& C; Cr of 
hJ N-3 d q  . - & 

T(f, 0 ) .  Here, then, 7$0)= l-f and ~ ( 0 ) = - 9 &  
A s  Muijdermann has pointed ou t ,  t h e  asymptotic value of 

need not  be t h e  average of along t h e  base 7 = 0. However, 

- T t h i s  r e s u l t  is  t r u e  f o r  $ = - 
2 -  

Thus : 



But 

rcr - 
~ u t  i f  8 + f-, B = 0 necessa r i ly  

I 

The foregoing f a c t  is  u t i l i z e d  t o  ob ta in  a closed-form 

s o l u t i o n  f o r  & f o r  the  system [ 591 . By con£ orma1 mapping, 

problem A below is transformed t o  problem B. Now 

Problem A, Problem B.  

Figure 3 Conformal Transformation 

t h e  average value of 911;~) l n  t h e  (u,Zr) plane (problem B) 
N 

is  a l s o  gw i n  t h e  (u, V )  plane.  However, both planes ~ o s s e s s  
- 

A 

t h e  same - . The determinat ion of is ,  then, reduced 

t o  a d e f i n i t e  i n t e g r a t i o n  along v= 0 , Deta i l s  a r e  given i n  

Appendix B. The f i n a l  r e s u l t  is: 



where q i s  t h e  Digamma funct ion .  

e 
For h i s  "C; P& r ", Muijdermann p l o t t e d  2 ( --!- %& 2'- 

Figure 4 compares h i s  r e s u l t s  w i t h  e [64-1. Discrepancies 

a r e ,  f o r  t h e  most pz.rt, s l i g h t ,  

It i s  easy t o  s e e  t h a t  t h e  "response" a s (  -0 t o  

and, the re fo re  ; 

Numerical Resul ts  f o r  F i n i t e  Ridge Film Thickness, - - 
Rectangular Grooves -- 

Except f o r  t h e  case of small  f ilm--thickness excurs ions 

(HI? H 2 )  , t h e  case of f i n i t e  ridge-fi lm--thickness has not 

proven t o  be a n a l y t i c a l l y  t r a c t a b l e .  However, the  f i n i t e -  

element numerical approach developed a t  t h e  Frankl in I n s t i t u t e  (8) 

has been used t o  ob ta in  numerical r e s u l t s .  For t h e  da ta  pre-- 

sented  i n  Figure 4 (with H /H f 0 )  t h e  author  is  much in-  
1 2  

debted t o  D r .  T.Y. Chu. 



with  boundary condi t ions of t h e  form appl ied  l o c a l l y  

along t h e  exposed f i l m  edges. 

I n  summation, it may be s a i d  t h a t  a narrow-groove theory 

has been developed here  f o r  p a r a l l e l  s t r a i g h t  grooving of 

a r b i t r a r y  t r ansverse  shape with a l igned  bearing s u r f a c e s ,  

The consequences of t h e  theory a r e  genera l i za t ions  of Whippleas 

a n a l y s i s  f o r  t h e  i n t e r i o r  pressure  d i s t r i b u t i o n  and of t h e  

Muijdermann-Booy a n a l y s i s  f o r  edge e f f e c t s .  The expansion 

adopted i n  t h i s  work shows t h a t ,  f o r  s u f f i c i e n t l y  narrow 

grooves, t h e  v a r i a t i o n s  of dens i ty  of a gas can be neglected 

i n  d i s t ances  of t h e  order  of one groove width,  The expansion 

i s  a l s o  v a l i d  f o r  non-cavitating l i q u i d s  --- one simply s u b s t i -  

t u t e s  PT s a k / ? ~ f ) T  f o r  ..pa " i n  a l l  expressions,  and 

r e t a i n s  a l l  t e r m s  of numerical consequence. ( 9 )  

There a r e  a number of ways i n  which t h e  p resen t  a n a l y s i s  

can be exp lo i t ed  and extended, I n  p a r t i c u l a r ,  f u t u r e  e f f o r t  

w i l l  be devoted t o  t h e  development of a genera l  p a r t i a l  d i f f e r -  

e n t i a l  equat ion corresponding t o  eq. [142], and t o  t h e  provis-  

ion  of a d d i t i o n a l  edge-correction information, of which t h a t  

depic ted  i n  F igs .  4 and 5 is  t o  be regarded simply a s  repre-  

s e n t a t i v e ,  



GROOVE ANGLE, 

Fig. 4. Pressure Correction Factors for Edge Effect with 
Rectangular Grooving 

(Versus Groove Angle) 



@ F l N J T E  ELEMENT 
C O M P U ~ A T I O N S  

X E X A C r  S /NGLI  
OR OOVE RESULTS 

(H,/H*)'-- 
Fig. 5. Pressure Correction Factors for Edge Effect with 

RectanguZar Grooving 
(Versus FiZm-Thickness Ratio) 



I f  t h e  author  i n t e r p r e t s  D r .  Muijdermannis "second 

cor rec t ion"  expression properly,  i t  would give:  

Although f o r  p # 0 t h i s  formula g ives  c o r r e c t  l i m i t i n g  values,  

it would appear t o  be considerably i n  e r r o r  f o r  intermediate  

values ( i . e . ,  f o r  H ~ / H ~  # 0 and # 1) . For example, with 

3 1 = 15O and ( H , / H ~ )  = -06  Figure 4 gives  L -- Pcorr= 0.4' 9 

whereas eq,  I661 gives  : 

The discrepancy i n  A PCorp i s  s u b s t a n t i a l .  However, we must 

r e c a l l  t h a t  we a r e  concerned here  with co r rec t ions  t o  t h e  

pressures  and load c a p a c i t i e s ,  r a t h e r  than t h e  p r i n c i p a l  quan- 

t i t i e s  themselves. Hence discrepancies  such a s  t h a t  above 

w i l l  no t  introduce equal ly  s e r i o u s  e r r o r s  i n  o v e r a l l  predic-  

t i o n s  of performance, 

To corroborate  t h e  f in i te -e lement  r e s u l t s ,  t he  da ta  were 
- 

cross-p lo t ted  a s  funct ions  of (H /H )'). Only t h i s  parameter 
1 2  

and t h e  groove angle ,  f?, appear i n  t h e  rec tangular  groove 



3 
(and r idge)  problem. A pe r tu rba t ion  treatment i n  (H /E ) 

1 2  

would lead t o  a  i i n e a r  behavior f o r  small  values of t h i s  

parameter. Figure 5 shows t h a t  t h e  compted  da ta  do s a t i s f y  

t h i s  c r i t e r i o n  f a i r l y  we l l .  Furthermore, i n  t h e  case of 

0 
@ = 30 , a d d i t i o n a l  poin ts  near zero a r e  shown t o  be t o l e r a b l y  

3 
i n  accord with t h e  exact  r e s u l t  a s  (H /H ) -. 0 . 

1 2  

Per turba t ion  Analysis with F i n i t e  R ids -F i lm Thickness, -- - 
A r b i t r a r y  --- ~ r o z  Shape 

In t h e  case of small  excursions of f i l m  thickness ,  it 

is poss ib le  t o  malce a  com2lete ana.lysis.  For t h i s  a n a l y s i s ,  

t h e  e a r l i e r  r e s u l t s  of Wildmann f o r  a  cos inusoida l ly - r ipp led  

herringbone a r e  highly suggest ive.  Suppose t h a t :  

where S is  a small ,  ampl-itude parameter and f  ( ) is a rb i -  

t r a r y  except t h a t :  

- 
f({) = f (  1 + j )  and f ( f )  = 0 .  The datum 

f o r  f i s  chosen s o  t h a t  f  ( 0  ) = 0 . 

It is r e a d i l y  shown t h a t :  



A,,, = S' 5 . -  

Reference t o  eq. [33] shows t h a t ,  i n  a  no-flow s i t u a t i o n ,  
2. 

- 1 = 0 ) L e t  us con f ine  cons ide ra t ion  t o  cases  

where t h e  f low through t h e  bea r ing  is of no g r e a t e r  magnitude 

( thereby  l i m i t i n g  t h e  degree  of e x t e r n e l  p r e s s u r i z a t i o n ) ,  

From eq.  [34] we t hen  no te  t h a t :  

t h e  r e s i d u a l  f u n c t i o n  must cance l  T ( ~ , O )  and s a t i s f y  t h e  

d i f f e r e n t i a l  er-;. [53] : 
7 
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I n  t h e  p r e s e n t  case ,  



Now adopt t h e  expansion: 

- s ~ , ( ~ ~ ~ ) + s ~ ~ ~ ( ~ ~ ~ )  + e t c .  8 -  
t h e  d i f f e r e n t i a l  er[uations f o r  f, and g2 a r e :  

and : 

On t h e  suppos i t ion  t h a t  3, can be represented  in t h e  

form 

we f ind:  

O r :  

More genera l ly ,  l e t  us  take: 



A t ?  = o  , temporarily l e t :  

C- 

The d i f f e r e n t i a l  equat ion f o r  is ,  with the  use of eq. [ 6 8 ]  

where : 

i841 
I n t e g r a t i o n  cf eq. [83] over a groove-ridge cycle  g ives :  

So t h a t :  



Note t h a t  all terms vanish a s  - ar, . 
Equation 1891 is  now in tegra ted  twice,  wi th  t h e  l i n e a r  

t e r m  i n  " y n  s e t  e:iual t o  zero ,  Then, tak ing  account of t h e  

temporari ly  omitted "lead constant"  on , one g e t s :  ir 

Or: 

where 

Then : 

And : 



Further  ana lys i s  obviates the  need f o r  Fourier  decompo- 

s i t i o n .  Since 

or: 

/ 1 - 2a; K (z -d 
- -J/3r(J(t) e AS dt 

0 0 
/ 1 

- - //$&)J(t) w 21k(s-t) d s  d t  
r l  0 0  

j [ $ f i ) $ [ f ) { & 5 z T k ~  k ~ ~ k t  -/-AZ~S+ 7 r k f  d ~ d t  
0 0 

I I 

Z 
11041 

- - JT6) a~ mks ds /3%t) ~4 ?*ft dt $ 
0 

I 
0 

I 

+ J$G) ,& z n m  ds J~:W,QA 2 m t  At- 
0 0 



The series i n  ec;. [109]can be p u t  i n  closed form with the 

use of 



Thus : 

The l i m i t s  of a p p l i c a b i l i t y  of t h e  expansion a r e  adequate 

f o r  t h e  i n t e r v a l s  of i n t e g r a t i o n ,  

Here ( f i  2 has been el iminated because o ) $ [ t ) d ~ d f  = Q 

F i n a l l y  : 

Spec ia l  Cases : Sinusoida 1 and Rectangular Ridge-Groove - 
Geometries 

The foregoing formula permits ready numerical i n t e g r a t i o n  

f o r  a r b i t r a r y ,  though small ,  f i lm-thickness d i s t r i b u t i o n s  of 



t h e  form: 

However, f o r  two p a r t i c u l a r  d i s t r i b u t i o n s ,  a t  l e a s t ,  evalua- 

t i o n  of a ( 0 )  i s  more r e a d i l y  accomplished d i r e c t l y .  

t h e  case is t h a t  t r e a t e d  by Wildmann. Here: 

A, = A_, = - 1 
4n- ~ n d  +Ak= o f o r  ! A / * / ,  

I f  f  ( { )  is  t h e  r e p e t i t i v e  jump funct ion  shown below, 

it i s  easy t o  obta in  t h e  des i red  



r e s u l t  by car ry ing  o u t  i n  eq. [1()7]a second i n t e g r a t i o n  by 

p a r t s .  Thus: 

Since f ( 0 ) = f (1) = o, 

I 

+ I The d e r i v a t i v e  f'({) is  zero except a t  J = 0 , E and 1; 

where it has t h e  values S(O+) , - 2 8($ and S(1-) respect -  

i v e  l y  . 



- 2 

Then: (w) = qP) 2 5 4 -  kwk) 
(2 wit) 

-k F(Q) [123]1 

K= 1 

For both of the  s p e c i a l  cases j u s t  t r e a t e d ,  -(o)= 0 . 
%-L 

I n  f ac t ,  t h i s  r e s u l t  holds f o r  any f ( r ) s a t i s f y i n g  t h e  condi- 

t i o n s  i n  eq ,  ] and anti-symmetric about { = 1/2.  Thus 

The f i r s t  i n t e g r a l  obviously vanishes.  I n  t h e  second i n t e g r a l ,  

we note  t h a t  if "f" is  antisymmetric about f =  1/2, f2- F 
is  symmetric and the  i n t e g r a l  vanishes.  Consequently, the  

a s s e r t e d  r e s u l t  is  proved, and, i n  such cases: 

Load Capaci t ies  With S l i g h t  Groovinq: 

~t is now poss ib le  t o  w r i t e  a genera l  expression f o r  the  

load-carrying capaci ty  of any herringbone t h r u s t  p l a t e  having 



t he  fi lm-thickness d i s t r i b u t i o n  given i n  eq. 163 .  For zero 

flow, with Aeff = O ( , it is  observed t h a t  eq. [31) gives  : 

Hence a ( 5 ) is  sens ib ly  constant .  

Very directly, a s  w e l l :  

Or: 



SUMMARY AND DISCUSSION OF RESULTS 

The a n a l y s i s  requi red  t o  reach use fu l  conclusions has 

been f a i r l y  extensive,  s o  it w i l l  be h e l p f u l  t o  assemble t h e  

p r i n c i p a l  r e s u l t s  i n  one place,  and t o  d i scuss  them t h e r e a f t e r .  

When t h e  f i l m  thickness  funct ion  is  H ( f ) , an expansion 

in the  fc,rm ?I% (PI ) + E T, ( 5 ,  $) leads to :  

@ 

and with T, a  fi lm-thickness i n t e g r a l  and , t he  eeroth- 

order  mass throughput, 

In  add i t ion :  

Here t h e  fi lm-thickness terms i n  cur ly  brackets  con t r ibu te  t h e  

pressure  " r ipp le" ,  and a ( 4 )  provides a  co r rec t ion  t o  t h e  general  

pressure  l eve l .  a ( t) is found from t h e  d i f f e r e n t i a l  equation: 



The f i r s t - o r d e r  co r rec t ion  t o  t h e  mass flow, 4 is e i t h e r  

s p e c i f i e d ,  o r  found through s a t i s f a c t i o n  of boundary condi t ions 

f o r  U ( 0 )  and Z ( 1 ) .  

TZ Reconci l ia t ion  of the  i lo  , %; , expansion with boundary 

condi t ions of constant  pressure  involves s o l u t i o n  of an edge 

problem i n  t h e  va r i ab les  ( 

( c )  H'F+ 
with  

$ * constant  bs 
The cons tant  U (0 )  equals  -% 
For the  case of rec tangular  grooves and r idges  (or  loads ) ,  

numerical r e s u l t s  f o r  2 ( - 1/2) have been obtained (See F igs ,  

4 & 5 ) .  



A small  pe r tu rba t ion  a n a l y s i s  i n  , when 

f o r  t h e  load-carrying capaci ty  of a herringbone t h r u s t  bearing.  

Thus : 

It is  poss ib le  t o  de f ine  a s h i f t e d  mean pressure 

which i s  c o r r e c t  through O ( s )  and which obeys a genera l ized  

Whipple equat ion,  Thus : 
@I 

with: ~ann,($- C, 13431 

+F 

~ y p i c a l l y ,  97 s a t i s f i e s  homogeneous boundary condi t ions of t h e  

form: 



~ ~ u a t i o n b 2 3 ]  is  p r e c i s e l y  i n  t h e  form given by Whipple, 

bu t  obtained i n  t h i s  r epor t  by a sys temat ic  expansion process 

t h a t  permits successive refinement of the  pressure d i s t r i b u t i o n .  

The expression f o r  the  e f f e c t i v e  lambda is  noteworthy i n  t h a t  

it is v a l i d  f o r  a r b i t r a r y  H ( f ) . No g e n e r a l i t y  is  l o s t  i n  
- 

tak ing  H = 1 (tantamount t o  s e l e c t i n g  ''c"). Therefore, it is 

seen t h a t  t h r e e  parameters t o t a l l y  determine t h e  major eontr ibu-  

(C t i o n  t o  t h e  load, /lo These a re :  

-2  -3 
E3 > H  and H 

3 

When t h e  excursion of H (  ) from un i ty  i s  e v e r w h e r e  I 
small  ( i . e o ,  , / l r lL reduces to :  

J J 

- E451 
- and only one parameter, t h e  r m s  devia t ion  S ~ P ,  inf luences 

t h e  major pumping a c t i o n .  Inc iden ta l ly ,  t h i s  r e s u l t  provides a 

proof of the  f a c t  t h a t  the  pressure-augmentation i n  herringbone 

bearings is  of second order  i n  t h e  fi lm-thickness devia t ion .  

Also, r e l a t i v e  i n s e n s i t i v i t y  t o  the  charac ter  of t h e  groove 

and r idge  shape can be i n f e r r e d ,  

Under condi t ions of no flow: 



and t h e  -b?hipple l i n e a r  pressure  p r o f i l e  is  obtained. The 

opt imm groove angle  f o r  pressure  genera t ion  is  found by 

nothing t h a t  A i s  propor t ional  t o  &/3 and d i f f e r e n t i a t i n g  

eq. ['34]. The optimum angle  must s a t i s f y  t h e  following equa- 

t ion : 

and is seen t o  depend on a s i n  g l e  f i lm-thickness  parameter, 

regardless  of f i l m  shape. The f a c t  t h a t  /8.rtis l e s s  than 45. f o r  

all f i l m  shapes is  guaranteed by Schwarz's inequa l i ty .  Thus: 

s o  t h a t :  

and t h e  rhs  of eq. D47] is always l e s s  than, o r  equal  t o ,  

un i ty .  

The foregoing d iscuss ion  has concerned t h e  seroth-order 

pressure,  , This dominant pressure  term is "smooth" i n  t h e  

s i n g l e  independent va r i ab le ,  5 . of next  importance t o  , 

is t h e  f i r s t - o r d e r  pressure  co r rec t ion ,  (0 2 . For t h e  

s p e c i a l  case of rec tangular  groove-ridge geometry, both 

""ripple" funct ions F (  ) and G ( f ) become the  saw-tooth func- 



t i o n ,  i . e . ,  t h e  t r ansverse  pressure  p r o f i l e s  become l i n e a r ,  

a s  assumed by Whippl-e and o t h e r s .  However, f o r  o the r  geome- 

t r i e s ,  t h e  p r o f i l e s  a r e  not  l i n e a r ,  and do not  become l i n e a r  -- 

a s  s 4 0 .  

The d i f f e r e n t i a l  equation f o r  t h e  ( f ) -term of 

is l i n e a r ,  but  q u i t e  complicated. However, i n  t h e  

case of no flow, it  s i m p l i f i e s  a s  fol lows.  

-, d d  = /LRegCSC 
2% 

where - 0 -.- - 

Here the  genera l  case shows a  loqari thmic behavior i n  A .  
However, t h e  important case of rec tangular  geometry again is  

except ional ,  s ince ,  as shown i n  Appendix C, = 0 .  Whereupon 

~ ( 2 )  = a ( 0 )  = constant .  

Equations Ex373 and @38] s e t  t h e  problem f o r  a  r e s i d u a l  

funct ion ,  , permi t t ing  asymptotic matching between t h e  

i n t e r i o r  f i r s t - o r d e r  r i p p l e  funct ion,  (J, f , and boundary 

condi t ion of ambient pressure,  which requ i res  a l l  r i p p l e s  t o  

be absent .  This problem is t o  be regarded only a s  t y p i c a l  of 

those t h a t  can a r i s e  a t  bear ing edges. 1t is,  however, a  general-  



i z a t i o n  of Muijdermannis edge-effect  t reatment ,  extended by 

the  present  a n a l y s i s  t o  bearings with compressible f l u i d  and 

v a r i a b l e  groove geometry. Terminal vaiues of n ( f )  a r e  provid- 

rCI 

ed by r e s i d u a l  - f u n c t i o n s  These values a r e  joined by solu-  

t i o n s  of t h e  a - d i f f e r e n t i a l  equation --- non-constant s o l u t i o n s  

except i n  s p e c i a l  circumstances. 

H important exception is t h a t  of rec tangular  qrooving 

a t  no flow, -- 

The load-earrylng capaci ty  of herringbone t h r u s t  p l a t e s  

with shallow rnoduLations is given by eq. [137]. This genera l  

r e s u l t  can be used t o  explore t h e  e f f e c t s  of v a r i a t i o n s  of 

t h e  type of grooving, although i f  t h e  two p a r t i c u l a r  cases 

c i t e d  a r e  i n d i c a t i v e ,  t h e  edge e f f e c t s  f o r  a given rms f i l m  

thickness  excursion w i l l  be i n s e n s i t i v e  t o  shape. Note t h a t  

t h e  edge e f f e c t  with s inuso ida l  grooving is j u s t  17.5% g r e a t e r  

than f o r  rec tangular .  

F ina l ly ,  t h e  "complete" d i f f e r e n t i a l  equation given by 

eq.  [I&?] is  t o  be noted. The f a c t  t h a t ,  f o r  H  = H ( r )  = ~ ( I t t ) ,  

zero and f i r s t - o r d e r  e f f e c t s  can be incorporated i n  a s i n g l e  

ordinary d i f f e r e n t i a l  equation gives one reason t o  hope t h a t  a 

genera l i za t ion  t o  near-periodic  f i l m  thicknesses  and curved 

grooving may perhaps be poss ib le  by means of a s i n g l e  p a r t i a l  

d i f f e r e n t i a l  equation of t h e  type obtained by Vohr and Pan, 



APPENDIX A_ 

FILM-THICKNESS INTEGRALS -- 
B 
J 
-3 - - 

Define:  F6f)r 2 ( H WZ- Hm3 H - ~ )  d l  
0 

Then : 

Consider t h e  grouping K3 + p  which appears  i n  the  

d x  i n  eq.  [ 3 0 ] .  Thus: c o e f f i c i e n t  of - 
A$" 



With 

t h i s  equation bccomes : 
I 

- - 

Now consider  t h e  grouping: 

= 0 by s i m i l a r  arguments. 

Therefore, the  c o e f f i c i e n t  of A vanishes i d e n t i c a l l y .  
f i a  

The c o e f f i c i e n t  of A** is: 

b 
9 



APPENDIX B 

S INGLE-GROOVE EDGE CORRECT ION 

The mapping f u n c t i o n  

conver t s  t h e  r e a l  a x i s  of t h e  5-plane i n t o  t h e  form shown 

below i n  t h e  w-plane 

When @ = - w e  t ake  1-r =!? b i  
Z 7' 

Along y = G 

Now i n  t h e  (u,  V )  plane  



R 
[Note: %=(-r]. 

Next l e t  X =  tz , k =  
l + i Z  ' 

then  : 

W r i t e  t an - ' ( t )  i n  t h e  fo l lowing  i n t e g r a l  form. Thus: 



~ e s o l u t i o n  i n t o  p s r t i a l  f r a c t i o n s  g ives :  

I Qn 

Use i s  made of t h e  i n f i n i t e  i n t e g r a l  

and the  r e f l e c t i o n  formula f o r  t h e  Gamma funct ion:  

Then : 

The above d e f i n i t e  i n t e g r a l  converges, but  not with 

M 
t h e  terms 1, S t r e a t e d  separa te ly .  Accordingly, the  behav- 

i o r  of an i n t e g r a l  with the  denominator "shaded" t o  
I-@ 

(1 - s w i l l  f i r s t  be examined. 



Let = h* , , and examine "I" as 8 - 0. 
Z 

Hence : 

More conveniently for computation: 



SPECirii LWLATIOTJS FOR FiECTAPi'GUUR GROOVING - 
Important  s i m p l i f i c a t i o n s  occur i n  t h e  f i lm- th ickness  

i n t e g r a l s  f o r  r e c t a n g u l a r  grooving; i. e., f o r  grooving such 

t h a t :  

Consider t h e  i n t e g r a l :  I 

~ ( r ) =  2/(~-"H'i-  PK')~$ 
0 

b843 
For O S f  S F :  

F(J) = 2 (R;'F- Pd-' b8d 

But a l s o ,  beyond "p", F ( f )  i s  l i n e a r  i n  " f" ,  decreas ing  t o  

z e r o  a t  ( = 1. Therefore ,  f o r  PS f 5 1 .  

For a l l  " f  ", then:  

where ,4ft(f9~) i s  t h e  sow-tooth func t ion  dep ic t ed  below. 



S i m i l a r l y ,  

GCf) = 

Bow it i s  i e p o r t a n t  t o  observe t h a t  i f  f ( f )  i s  a n y  

f u n c t i o n  w i t h  cons tan t  (though p o s s i b l y  d i f f e r e n t )  va lues  

i n  t h e  two i n t e r v a l s  O r f r ) - ,  v < ~ - c  2 
i n t e g r a t i o n  a :a i n s  t / t ( j ,  Y) y i e l d s  P rA . 

I 

I n  p a r t i c u l a r :  J R F J ~  = / Q F J ~  
0 0 

2 R  2a 
and : 

Hence def ined  i n  eq. 151 i s  ze ro .  
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3 R F P O R T  T I T L E  

A GENERALIZED NARROW-GROOVE THEORY FOR THE GAS-LUBRICATED HERRINGBONE THRUST 
BEARING 

I Nonr-2342(00) Task NR 062-316 ( I-A2049-31 
b.  P R O J E C T  NO 

C. 9b .  O T H E R  R E P O R T  N O ( S )  ( A n y  other numbers that  may ba a s s i g n e d  
t h i s  report) 

Reproduction in whole or in part is permitted for any purpose of the U.S. 
Government. 

A narrow-groove theory for gas on liquid-lubricated herringbone thrust 
bearings is developed by means of two matched asymptotic expansions. The first 
expansion, for the film interior,yields a generalized Whipple equation for the 
average pressure level. The second expansion, for the film edges, yields a 
generalized Muijdermann-Body pressure correction. Arbitrary transverse groove 
shape is accommodated by the analysis. 

The prognosis for development along present lines of a single partial 
differential equation to include first-order groove-width effects, both in the 
film interior and at its edges, is very good. 
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